A variety of neutrino flavour conversion phenomena occur in core-collapse supernova, due to the large neutrino density close to the neutrinosphere, and the importance of the neutrino-neutrino interaction. Three different regimes have been identified so far, usually called the synchronization, the bipolar oscillations and the spectral split. Using the formalism of polarization vectors, within two-flavours, we focus on the spectral split phenomenon and we show for the first time that the physical mechanism underlying the neutrino spectral split is a magnetic resonance phenomenon. In particular, we show that the precession frequencies fulfill the magnetic resonance conditions. Our numerical calculations show that the neutrino energies and the location at which the resonance takes place in the supernova coincide well with the neutrino energies at which a spectral swap occurs. The corresponding adiabaticity parameters present spikes at the resonance location.
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I. INTRODUCTION
Intense theoretical activity has unravelled the complexity of neutrino flavour conversion in media. The neutrino propagation in a star like our sun is at present well understood as a resonant flavour conversion phenomenon due to the coupling of neutrinos with ordinary matter, the Mikheev-Smirnov-Wolfenstein (MSW) effect [1, 2] . This confirmation has in particular been brought by the SNO [3] , KamLAND [4] and recently by the Borexino [5] experiments. Neutrino oscillations in massive stars turn out to be a non-linear phenomenon because of the importance of the neutrino-neutrino interaction, as first pointed out in [6, 7] and also later on [8] [9] [10] . In particular, collective flavour conversion phenomena have been shown to emerge [11] , the understanding of which has already required a large theoretical effort (see e.g. [7, 10-14, 16, 17, 19-25] ) and [26, 27] for a review). Besides, in such explosive environments the presence of shock waves [23, [28] [29] [30] [31] [32] [33] and of turbulence [34] [35] [36] [37] also induces new flavour conversion effects. The inclusion of all these features has significantly increased the complexity in the computation of neutrino propagation in such media. Fully understanding the flavour conversion phenomena and their interplay with key unknown neutrino properties, such as the neutrino mass hierarchy, the third unknown mixing angle and leptonic CP violation [19, 38] is one of the major goals in this domain. While important progress has been achieved, several aspects still need further clarification.
Currently, three collective flavour conversion regimes induced by the interaction of neutrinos with themselves are identified, usually called the synchronization regime, the region of bipolar oscillations and the spectral split * galais@ipno.in2p3.fr † volpe@ipno.in2p3.fr phenomenon. The first occurs very close to the neutrinosphere : any flavour conversion is frozen due to the neutrino-neutrino interaction [11] . Then the vacuum term triggers an instability [11, 13, 24, 25] (depending on the neutrino luminosities and the hierarchy) that produces flavour oscillations. It appears to be associated with a rapid growth of the derivative of the matter phase introduced by the neutrino-neutrino interaction [25] . The onset of such an instability is different in calculations based on the single-angle approximation versus a multi-angle treatment [24] . Bipolar oscillations have been shown to correspond to electron anti-neutrino and neutrino pairs converting to pairs of neutrinos and anti-neutrinos of other flavours [13] . Finally, as first indentified in [11] the neutrinos undergo a complete flavour conversion depending on their energy. This implies the swap of the electron neutrino spectra with the ones of muon and tau neutrinos, below or above a critical value called the split energy. The spectral split has been further studied in [17, 20] (Figure 1 ) and Refs. [21, 22] have shown that such a phenomenon is even more complex since multiple spectral splits show up, depending on the neutrino flux ratios at the neutrinosphere and on the core-collapse supernova explosion phase. While several aspects have now been identified, a comprehensive understanding of the spectral split phenomenon is still missing. Extensively used in the literature, the formalism of neutrino polarization vectors constitutes a good tool to gain a better understanding of neutrino flavour conversion phenomena. A long time ago it was pointed out that neutrino oscillation in vacuum could be pictured as the precession of a neutrino flavour polarization vector around an effective magnetic field, depending on the neutrino masses and mixings [39] . Later on [40, 41] the case of the resonant (adiabatic and non-adiabatic) flavour conversion in matter has been discussed, in connection with the MSW effect and the solar neutrino deficit problem. Recently such a formalism has been used in the presence of the neutrino-neutrino interaction Hamiltonian in supernovae first in [11] and subsequently in [12, 13, 17, 20, 43] .
Using such a formalism in Ref. [42] the synchronization regime has been investigated in the context of the Early Universe. The bipolar oscillation regime has been put in relation with a flavour pendulum in [11, 15] and with a gyroscopic pendulum in [13] . In [15, 43] the authors make the hypothesis that at the end of the synchronization and of the bipolar regimes, the neutrino evolution follows a collective precession mode until neutrino densities are low and at the late stage of this precession solution the stepwise swapping occurs. In [20] , an explicit adiabatic solution of the two flavour neutrino evolution equations with the neutrino-neutrino interaction is built in the comoving frame. The existence of such a frame had already been pointed out in the early work [11] . It is shown that analytical solutions exist and present a behaviour like the one of the neutrino spectral split. Approximate conserved quantities, in particular the total neutrino lepton number for the two-flavour case, have been identified and have been shown to explain the split energy observed in the neutrino fluxes [20] . This idea has been further investigated in [17] . Besides the synchronization and the pure precession modes already mentioned, a self-induced parametric resonance mode is discussed in [18] . Many of these studies have brought very valuable insights into the collective effects engendered by the neutrino self-interaction and have given a vision of what actually is seen in the full numerical calculations. Note that, in order to allow for these useful analytical solutions, approximations are often made : (i) neglecting the matter term; (ii) using a constant coefficient for the neutrino self-interaction term or with a simplified time dependence; or (iii) employing a single neutrino or anti-neutrino energy or neutrino box spectra. An application of the polarization vector formalism to the three-flavour case, requiring the SU (3) basis, is performed in [12] and it has been shown that two conserved quantities also appear in this case [43, 44] . Finally, adiabaticity of the neutrino evolution has been particularly discussed in [20, 43, 44] .
In this work we approach the problem of the neutrino spectral split using the matter basis and the polarization vector formalism within two neutrino flavours. We give the explicit analytical expressions for the polarization vectors and the effective magnetic field, that in our case includes both the neutrino-neutrino interaction, the vacuum contribution and also the matter term. In the matter basis we follow the full neutrino evolution in the region where the neutrino-neutrino interaction effects are dominating, and focus, in particular, on the spectral split phenomenon. We show, for the first time, that a magnetic resonance mechanism is the underlying process governing the flipping of the polarization vectors and therefore the spectral split. We point out that the flippinggiving rise to a spectral swapping -occurs at the neutrino energies for which the precession frequencies meet the magnetic resonance condition. We show the behaviour of the associated generalised adiabaticity parameters.
The paper is structured as follows. Section II recalls the polarization vector formalism for two-neutrino flavours in connection with the neutrino Hamiltonian describing their propagation in a core-collapse supernova. Section III gives the equations to follow the evolution of the effective magnetic field and of the polarization vector. Section IV establishes the link between the spectral split phenomenon and a magnetic resonance. It presents the numerical results for the neutrino probabilities and adiabaticity parameters in the region where the neutrinoneutrino interaction effects are important, and shows that the resonance condition is indeed satisfied when the spectral split occurs. Section V is a conclusion. In the Appendix, expressions to calculate the second derivative of the neutrino-neutrino interaction Hamiltonian in the multi-angle treatment, are provided.
II. THE POLARIZATION VECTOR FORMALISM AND NEUTRINO EVOLUTION IN A SUPERNOVA IN THE MATTER BASIS
Let us start by reminding the well known fact that the quantum evolution of a system described by an Hermitian 2 × 2 matrix
with H 21 = H * 12 , can be associated with an effective magnetic field [45] 
with R and I indicating the real and imaginary contributions of the off-diagonal matrix element. The evolution of the system can be seen as the precession of an effective spin around B. Indeed, if we define the polarization vector P P = ψ|σ|ψ .
with σ the Pauli matrices, the evolution equation 1 can be written as
with precession frequency ω = |B|. Let us now consider the specific case of the neutrino evolution in a core-collapse supernova. The corresponding Hamiltonian in the flavour basis is :
where the non-diagonal vacuum contribution is U KU †
, U is the Maki-Nakagawa-SakataPontecorvo (MNSP) unitary matrix, relating the flavour to the mass basis [46] . The other two contributions correspond to the matter term
coming from charged-current interactions of neutrinos with the electrons in the medium, and the neutrino-neutrino interaction term H (f ) νν [14] . We will follow the neutrino evolution in the matter basis 3 , as done in Ref. [25] . In such a basis the Hamiltonian is :
with the two-neutrino flavour Hamiltonian
andŨ the MNSP matrix depending on the matter angles and phases, (k 1 ,k 2 ) the matter eigenvalues. The evolution equation reads
withψ = (ν 1 , ν 2 ) the matter eigenstates and the matter Hamiltonian involving the derivatives of theŨ matrix
More explicitly one gets :
1 Note that in the manuscript we will use x to denote time. 2 Note that the neutral current contribution is taken out since it only contributes with a term proportional to the unity matrix and is therefore irrelevant for neutrino oscillations. 3 From now on, the symbolÕ will always indicate that the quantity (in this case O) is calculated in the matter basis.
with δk 12 =k 1 −k 2 the diagonal contributions coming from theŨ derivative
with i = 1, 2, and we definȇ
The off-diagonal terms are given by the generalized adiabaticity parameters [25] 
We take the most general expression forŨ :
whereβ andα 1 ,α 2 are the Dirac and Majorana phases in matter respectively. The neutrino evolution equation becomes explicitly [25] :
where we use the dot to indicate d/dx. The Majorana phases (α 1 ,α 2 ) are set to zero without loss of generality since they do not influence the neutrino flavour conversion.
We now apply the polarization vector formalism to Eq.(10). Following Eqs.(1-2), one gets the effective magnetic field corresponding to the matter Hamiltoniañ
The magnetic field x-and y-components only depend upon the Hamiltonian off-diagonal element, while the zcomponent is the difference of the diagonal ones. From Eq.(3) one can construct a neutrino polarization vector in the matter basis
whose z-component tells us the ν 1 or ν 2 content of the neutrino wavefunction. The x-and y-components are as usual non-zero in presence of mixings. Now solving Eq. (15) is equivalent to determining the evolution of the polarization vector Eq. (17) under the action of the effective magnetic field Eq. (16), i.e. Eq. (4) . In this work, we retain all contributions to the Hamiltonian including the matter term. In order to follow the P evolution we need to calculate the matter angle derivativė
4|H eµ |δk 12 (18) and the phase derivative :
Eqs. (18) (19) involve the derivatives of the diagonal H ee , H µµ and off-diagonal H eµ Hamiltonian matrix elements in the flavour basis Eq.(7) (see [25] for details). Note that, if matter only is included, only the derivative of the matter angle is relevant, while the presence of complex off-diagonal contributions in the Hamiltonian in the flavour basis introduces also theβ phase and its derivative.
III. THE EVOLUTION OF B AND P
In order to establish a connection between the spectral split phenomenon and the magnetic resonance phenomenon let us now define relevant quantities. First of all the total precession frequency of the polarization vector Eq.(17) around the effective magnetic field Eq.(16) isω
while the angle defining the evolution ofB with respect to the (XOY) plane is defined as
In order to follow the evolution of the system it is interesting to define the rate of change of theB direction with respect to such a plane, namelỹ
with the normalization factor f η = [4|H 12 | 2 + δk
One sees that to followω η both the derivative of δk 12 and of Γ are needed. For the former, one gets
with
while one gets for the second derivative ofβ
with f β = |H eµ | −2 . The other important quantity to determine for Eq. (22) is
which depends upon the second derivative of H (f ) Eq.(5). Such a derivative involves two contributions, since the vacuum term is constanẗ
The first term depends on the explicit matter density profile used, that we take as a power-law. Its contribution to Eq. (27) is straightforward. As far as the neutrinoneutrino interaction term is concerned, the corresponding second derivative depends on the use of a single-angle approximation versus a multi-angle treatment. Here we give its expression in the former case since it is the approximation we employ in the following. The relations valid in the multi-angle case are given in the Appendix. The neutrino-neutrino interaction Hamiltonian in the singleangle approximation 4 is given by
where ρ indicates the density matrix for two neutrino flavours and the geometrical factor is
and R ν the radius of the neutrinosphere. The expression for the non-linear contribution is explicitly
(31) where L να is the neutrino flux at the neutrinosphere for a neutrino "born" as an α flavor. The second derivative of H νν includes contributions from both the derivative of the geometrical factor and of the density matrices, i.e. (32) To calculateω η we first need the obvious second derivative of the geometrical term
The second contribution to Eq.(32) can be calculated as followṡ
Finally the third one can be evaluated using
IV. THE CONNECTION BETWEEN THE MAGNETIC RESONANCE AND THE SPECTRAL SPLIT PHENOMENON
In its simplest realization, the magnetic resonance phenomenon consists in a spin-flip occurring in presence of a constant and a time varying magnetic field. Let us consider a spin precessing around a constant magnetic field B 0 = B 0 z, which can be taken along the z-axis, with a precession frequency given by ω 0 . The spin is also subject to a second magnetic field B 1 , located in the (xOy) plane, which sinusoidally varies in time with ω frequency. Such a magnetic field acts as a perturbation that can however significantly impact the dynamics of the system depending on the relation between ∆ω = ω − ω 0 and ω 1 , the precession frequency around B 2 ) which is maximal when ∆ω ∼ 0, with the resonance width being given by ω 1 . On the other hand, if ∆ω is a multiple of ω 1 the system is off resonance while if the frequency difference is a fraction of it the system is close to resonance and the spin inversion is partial [45] .
Let us now define three relevant frequencies that are useful to establish our connection between the neutrino spectral split phenomenon and the magnetic resonance phenomenon (Figure 2) . The effective magnetic field associated with the Hamiltonian Eq.(7) in the flavour basis has components in the (xOy) plane proportional to the off-diagonal H eµ matrix element which depends on the vacuum and neutrino-neutrino contributions; while the third component is generated by the matter term (that gives a large contribution) as well. What we would like to argue now is, that the inversion of the neutrino polarization vectors is due to the fact that the precession frequencies meet the magnetic resonance criteria. To this aim, we switch to the matter basis to follow the system evolution. Using the polarization vector formalism (Section II) we identify theB Z = B 0 component Eq.(16) for the B 0 magnetic field. We also identify the B 1 time varying magnetic field withB ⊥ . We now first show that different flavour conversion regimes are well accounted for, if one follows the average of the magnetic field instead of the field itself. Let us have a closer look at the time dependence of the magnetic field direction. Figure 3 plots the fast variations of the η angle Eq. (21) showing thatB undergoes fast oscillations with respect to the (XOY) plane. The numerical results presented in this work have been obtained by using the vacuum oscillation parameters |δm 2 | = 2.4 × 10 −3 eV 2 , θ = 9
• and the matter density profile ρ B = 1.5 × 10 8 (10/x), with x being here the distance in the supernova, in units of g.cm −3 and of km (for x). The neutrinosphere R ν is taken at 10 km and the corresponding neutrino fluxes are assumed to be of Fermi-Dirac type with average energies E νe = 12 MeV, Eν e = 15 MeV and E νx = 18 MeV. Equipartition of energy is assumed, with a total luminosity of 4 × 10 51 erg.s −1 , While we present one set of our numerical results, we stress that we have performed calculations for an ensemble of initial conditions, varying the neutrino average energies and luminosities at the neutrinosphere. The quality of the results we obtain is the same for all initial conditions considered, so that we show here one case only.
Our calculations of the ratio of theω η Eq. (22) andω P Eq. (20) frequencies, i.e.ω η /ω P shows that such ratio is always much larger than 1 : the magnetic field direction changes rapidly compared to the precession of the neutrino polarization vector around it. Therefore let us see how well the system is described if we replaceB by B . To do such a comparison, in order to obtain our B , we perform a numerical average of the magnetic fieldB over 10 km. If we define the σ angle describing theB ⊥ evolution in the (XOY) plane,
where the subscript av means that we are taking the average of the corresponding quantity R av (Γ) = R(Γ) and I av (Γ) = I(Γ) and the associated angular velocity,
Theω σ frequency involves the derivative of the Γ factor Eq. (26) . In our numerical calculations we obtain that the R av (Γ), R av (Γ) and therefore theω σ frequency are very close to zero. The second quantity of interest is the precession frequency aroundB Z , namelyω = | B Z | = |δk 12 −βcos2θ|. Another relevant precession frequency is the one around theB 1 , namelỹ
Since the contribution coming from 4θ 2 comes out to be small, the quantityω 1 is essentially determined by the phase derivative. Finally one can also define the same quantities as in Eqs. (20) and (22) but this time for the average magnetic field, namelỹ
The rate of change of the angle defining the direction of B with respect to the (XOY) plane is now given by
withB av ⊥ = ( B X , B Y ). We show in Figure 3 an example of the evolution of the η angle defining the evolution of B given by Eq.(41) for a 5 MeV neutrino (black curve), instead ofB (grey curve). We have therefore numerically verified, that the evolution of our system is well described if one uses the B = ( B X , B Y , B Z ) instead of the magnetic field itself. To this aim we have performed two calculations for the neutrino evolution and determined the corresponding oscillation probabilities. In the first calculation we have solved the precession equation Eq. (4) withB. In the second we have determined B making a numerical average over 10 km (as mentioned above) and then solved Eq.(4) using the average of the effective magnetic field instead of the field itself. Figure 4 presents the comparison of the survival P (ν i → ν i ) probabilities with i = 1, 2 for the matter eigenstates, obtained when the neutrino evolution is determined by eitherB or B . The system evolves near the neutrinosphere where the neutrino-neutrino interaction is important, with the evolution determined by the full matter Hamiltonian Eq. (10) . Results are shown both for neutrinos and for anti-neutrinos of two different energies. One can see that the synchronization, bipolar and spectral split regimes can be easily identified in both cases. Note that the different behaviours of the probabilities shown in Figure 4 engender the characteristic spectral swap of the electron with the other ν x flavour fluxes (Figure 1) . One can see that, when averaging the fast variations due toβ, the main features of the synchronized, the bipolar and the spectral split behaviours remain unchanged. Note that the two descriptions agree qualitatively and quantitatively very well until 120 km for the neutrino, and 80 km for the anti-neutrino cases. Afterwards the evolution of the systems following the av-erage ofB andB itself start presenting some differences. However, looking carefully at the survival probabilities both in the matter and in the flavour basis ( Figure 5 ), one can see that the region where the two descriptions compare well is sufficient for our purposes since discrepancies appear at the very end of the spectral split behaviour in all cases. This convince us that the results we will present in the following are not an artefact of following the average of the effective magnetic field. Therefore, from now on, we will replaceB by B . All the results of the next section are obtained following such a prescription. 
V. THE OCCURRENCE OF THE SPECTRAL SPLIT AND THE MAGNETIC RESONANCE CONDITION
The main goal here is to show that the magnetic resonance conditions :
are verified for the neutrino or anti-neutrino energies and at the same location in the supernova for which the spectral split occurs. We emphasize that verifying that the spectral split is a magnetic resonance phenomenon can be done both in the frame identified by the flavour basis and in the one given by the comoving frame. In the flavor basis the effective magnetic field has indeed a small time varying component B ⊥ in the (xOy) plane; the magnetic resonance conditions are those given on the left of (42) .
On the other hand, in the frame identified by the matter basis and the average ofB, B ⊥ appears as static and the magnetic resonance conditions are those on the right side of (42) . For convenience we show the fulfillement of the magnetic resonance conditions in the comoving frame identified by the average of the magnetic field in the matter basis, i.e. B . Let us follow the different phases of the neutrino evolution with the polarization vector formalism in the matter basis. At early times, near the neutrinosphere, the matter term is so large that the polarization vector evolution is essentially determined B Z ≈ δk 12 . At this stage it is essentially precessing around this component and nothing happens from the point of view of flavour conversion. As shown in [25] , at the end of the synchronization regime, the onset of bipolar oscillations is triggered by a rapid growth of theβ phase. This implies that thẽ B av ⊥ components -related to the off-diagonal elements of the matter Hamiltonian -start being important, as does the phase contribution to B Z . In fact the phase growth introduces an oscillating degeneracy between the off-diagonal Hamiltonian matrix element and the difference of the diagonal matrix elements. As a consequence the ratio of such elements determining the generalized adiabaticity parameter, become comparable, as discussed in [25] . In the present formalism such parameters are given by cotη (see Eq. (41)) :
During the bipolar oscillations the polarization vector evolution is determined essentially by the two components (B X ,B Y ). However when taking the average, since theθ average is around zero (note that the derivative of angle turns out to be much smaller than the phase derivative), the effective magnetic field associated with the matter Hamiltonian stays in a XZ plane. This is the co-rotating frame already discussed in the literature [11, 20, 43] . After some distance the polarization vector enters in a new phase of its evolution : the magnetic resonance regime. In this phase, depending on the neutrino energy, if the resonance condition ∆ω = ω − ω 0 ≈ 0 is satisfied then a full inversion of the neutrino polarization vector occurs. In the comoving frame in the matter basis such a condition reads 6ω ≈ 0 and near resonancẽ ω/ω 1 1. Figure 5 presents the evolution, in the flavour basis, of survival probabilities for neutrinos and anti-neutrinos in inverted hierarchy, in correspondence with the |Γ| evolution. The latter quantity, multiplied by the factor (δk 12 +δQ 12 )/δk 12 , is also shown to emphasize the role of the δQ 12 , coming from theŨ † dŨ /dx contribution to the diagonal elements of the matter Hamiltonian. Results are presented for two different neutrino and anti-neutrino energies chosen to show the different behaviour of the generalized adiabaticity parameters for neutrinos that do not (do) undergo the spectral split phenomenon and a swapping of the fluxes depending on their energy. One can see from the figure that the corresponding |Γ| has a very different behaviour in presence of the swaps (i.e. the antineutrino and the 10 MeV neutrino cases) with respect to the absence (the 5 MeV neutrino case). In particular, for the former cases at the location of the resonance spikes appear in the adiabaticity parameter evolution, at 80 km for the 10 MeV neutrino, and around 60 km for the antineutrinos. Note that the second spike at 110 (130) km for a 5 (10) MeV anti-neutrino is not associated with any significant change because the neutrino-neutrino interaction term has become negligible and the second conditioñ ω/ω 1 1 is not satisfied (see Figs. 8 and 9 ) .
Figures 6 (neutrino case) and 7 (anti-neutrino case) present three dimensional contour plots of the neutrino survival probabilities in the flavour basis for different neutrino energies, as a function of distance within the supernova. Figures 8 and 9 show the regions where the resonanceω ≈ 0 (black lines) and near resonanceω/ω 1 1 (band within white curves) conditions are met in the matter basis. The coloured area outside the white shaded region is a region off-resonanceω/ω 1 1. By comparing Figure 6 with 8 and Figure 7 with 9 one sees that : i) the same neutrino and anti-neutrino energies for which the magnetic resonance condition is fulfilled also undergo FIG. 6 . Three dimensional contour plot of the electron neutrino survival probability (in the flavour basis) as a function the neutrino energy and distance within the supernova. The colors encode the electron neutrino survival probability. The yellow-green region corresponds to a survival probability of 0.5 so that all neutrino energies below the split energy of 7.6 MeV do not undergo any spectral swap, while all energies above the split energy undergo a spectral swap. The black curve superposed shows when the magnetic resonance condition in the matter basis is met :ω = 0 Eq.(42) (see Figure  8 ).
a spectral swap; ii) the inversion of the neutrino flavour polarization vector occurs at the same distance in the supernova where the resonance occurs. One can also see that the resonance region in the anti-neutrino case is much smaller than in the neutrino case in agreement with the faster decrease of the anti-neutrino survival (or appearance) probabilities in the flavour and matter basis, compared to the neutrino case (see Figure 5 ). Finally the upturn of the black and white curves in Figures 8 and  9 shows a region where the conditionω ≈ 0 is fulfilled whileω/ω 1 ≈ 1. No inversion of the neutrino flavour polarization vectors is observed in such a case, in correspondence with the second spike observable in the adiabaticity parameters Γ ( Figure 5 ). When the precession frequencies are way out of resonance and the role of the neutrino-neutrino interaction clearly negligible, the system evolution is determined again by theB Z component, given by δk 12 .
VI. CONCLUSIONS
We have investigated collective flavour conversion effects, within two-flavours, induced by the neutrinoneutrino interaction in a core-collapse supernova. Using the neutrino polarization vector formalism associated with the matter Hamiltonian and the neutrino matter basis, we have focussed upon the spectral split phenomenon and established a connection with a magnetic resonance phenomenon. In such a formalism, the third compo-
Three dimensional contour plot of the electron antineutrino survival probability (in the flavour basis) as a function the anti-neutrino energy and distance within the supernova. The colors encode the electron anti-neutrino survival probability. The yellow-green region corresponds to a survival probability of 0.5 so that all neutrino energies below the split energy of 2.3 MeV do not undergo any spectral swap, while all energies above the split energy undergo a spectral swap. The black curve superposed shows when the magnetic resonance condition in the matter basis is met :ω = 0 Eq.(42) (see Figure 9) . nent of the effective magnetic field is given by the difference of the diagonal matrix elements of the matter Hamiltonian comprising the matter eigenvalues and the phase derivative induced by the presence of complex offdiagonal terms in the neutrino flavour Hamiltonian. The X-and Y-components of the effective magnetic field depend upon the derivative of the matter phase and angle respectively. By defining precession frequencies around the average of the Z-component and of these perpendicular components, our numerical calculations of the polarization vector evolution have allowed the identification of a new phase in the evolution : the magnetic resonant regime. This is encountered when the magnetic resonant criteria concerning the precession frequencies is met. Our results show this very interesting feature : the neutrino energies for which the resonant criteria are fulfilled are the same energies undergoing the spectral split phenomenon, occurring at the same location in the supernova. When the system is in such a regime the corresponding generalised adiabaticity parameters present spikes, while they present a smooth behaviour for the neutrino energies that do not meet the resonant and do not undergo any spectral swap. Once the connection between the spectral split and a magnetic resonance phenomenon established, it is clear that the fulfillment of the magnetic resonance conditions can be done either in the flavour basis, or in the comoving frame (identified here by the average of the magnetic field in the matter basis). While we have used the latter for convenience, picking one or the other is, obviously, just a question of choice. 1 is not met anymore (the neutrino-neutrino interaction has become negligible).
In this work the numerical results have been obtained assuming equipartition of neutrino energies at the neutrinosphere and inverted hierarchy since for this case the neutrino-neutrino interaction gives rise to single splits. While the results presented in this work correspond to a set of initial conditions in terms of neutrino average energies and luminosities at the neutrinosphere, results of the same quality are obtained for a large set of initial conditions. We think the mechanism we have been identifying to be general and valid also in the case of multiple splits and of three neutrino flavours. Such investigations will be the object of future work.
VII. APPENDIX
Here we give expressions for the second derivative of the neutrino-neutrino interaction Hamiltonian valid in the case of a multi-angle treatment. In this case the non-linear Hamiltonian reads 
The second derivative of H (f ) νν is given by:
Its evaluation requires the first derivatives of the R, T and S functions. ForṘ we get :
R(θ , q ) = 
For the other two one obtainṡ S(x) = R 
